Published by Institute of Physics Publishing for SISSA/ISAS Received: March 24, 2004 Revised: May 21, 2004 Accepted: May 21, 2004

The fuzzy sphere: from the uncertainty relation to the stereographic projection

Musongela Lubo

The Abdus Salam International Centre for Theoretical Physics P.O.Box 586, 34100 Trieste, Italy E-mail: muso@ictp.trieste.it

Abstract: On the fuzzy sphere, no state saturates simultaneously all the Heisenberg uncertainties. We propose a weaker uncertainty for which this holds. The family of states so obtained is physically motivated because it encodes information about positions in this fuzzy context. In particular, these states realize in a natural way a deformation of the stereographic projection. Surprisingly, in the large j limit, they reproduce some properties of the ordinary coherent states on the non commutative plane.

Keywords: Non-Commutative Geometry, Matrix Models.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep052004052 /jhep052004052 .pdf

Contents

1. Introduction 1

2. Coherent states: the non commutative plane versus the fuzzy sphere 2

3. Squeezed states: the 2D phase space revisited 4

4. Generalized squeezed states on the fuzzy sphere 8

5. The stereographic projection 12

6. Conclusions 15

A. High dimensional extension 15

1. Introduction

The idea that at very small scale the physical structure of space time may display non trivial features has received wide interest. In particular non commutative theories have been under scrutiny in the last years. One of the key tools in this framework is the star product, which allows the treatment of these theories using commuting variables. The first star product concerned phase space [1, 2, 3]; it is readily transfered to the non commutative plane composed of two position operators whose commutator is a constant.

Among the methods used to build star products, the one based on coherent states is especially interesting since associativity is then automatically assured. This is a consequence of the fact that coherent states form an over complete basis on the Hilbert space on which the algebra of quantum operators act.

The terms ”coherent states” and ”generalized coherent states” are used in the literature following the works of Perelomov and Berezin for example. These notions are defined in connection with irreducible representations of Lie groups and quotient spaces by these groups. The states appearing here arise differently: we generalize a different property of the system of coherent states on the non commutative plane.

On the non commutative plane, coherent states are obtained in a straightforward way. They saturate the bound of the Heisenberg uncertainty and this is equivalent to the fact that they are eigenstates of the destruction operator [4, 5]. On the fuzzy sphere, the situation is quite different. Firstly, there is no state saturating all the uncertainties. Secondly, the identification of a destruction operator is not straightforward; one possibility is the use of the stereographic projection to obtain a deformed creation-destruction algebra. The problem then is the difference between the dimensions of the Fock spaces; one usually

– 1 – wishes to use finite dimensional representations of SU(2) for the fuzzy sphere but the Fock space on which the deformed creation-destruction algebra acts is infinite dimensional. One of the proposals to tackle this problem was trough a truncature procedure [6].

We propose here another generalization which starting point is not a deformed destruction operator but an enlarged Heisenberg uncertainty. The states saturating the associated bounds are called ”generalized” squeezed states. Another approach, relying on a functional [7] and exploiting an idea introduced in another context [8], led to technical problems. The procedure followed here is not as general and ambitious as the ones developed in [9]–[12]. Like in [6] and contrary to [11, 12], we expect the induced star product to be expressed in terms of two independent rather than three dependent coordinates. The derivation and the use of the associated star product to study quantum field theory like in [13]–[25] and especially the Seiberg-Witten map [26] are our final goal [27].

This paper is organized as follows. In the second section we summarize the construction of coherent states on the fuzzy sphere developed in [6] and discuss its differences with the procedure used for the non commutative plane. The third section is devoted to the derivation of what we call generalized squeezed states on a two dimensional space. In section 4 we show that while the Heisenberg uncertainties on the non commutative sphere can not be saturated simultaneously, the ones we derived in the previous section just do that. We obtain that the scalar product of two generalized squeezed states reproduces, in the j → ∞ limit, the corresponding expression on a non commutative plane. In section 5, we show that the mean values of the position operators on these states lead to the stereographic projection.

We emphasize that the appearance of the stereographic projection obtained here is of a different nature compared to the ones of [6, 28]. In these two works, the stereographic projection is introduced from the start to define a pair of creation-destruction like operators from the three quantum ones defining the fuzzy sphere. On the contrary, we begin with an uncertainty relation which is weaker than the Heisenberg’s and find that it leads to a family of states parameterized by a complex number in a way which brings in the stereographic map.

2. Coherent states: the non commutative plane versus the fuzzy sphere

The non commutative plane is defined by the relations [29]

[x̂_j, x̂_k] = iθ ϵ_{j,k} , θ > 0 , k, j = 1, 2 . (2.1)

The coherent states are defined as eigenvalues of a destruction operator and saturate the Heisenberg uncertainty Δx_1Δx_2 = θ/2.

The situation of the fuzzy sphere is far from being so simple. It is a matrix model defined by the following relations [30, 31]:

[x̂_k, x̂_l] = iR √ j(j + 1) ϵ_{klm}x̂_m , δ^{lk}x̂_lx̂_k = R^2 ,

with j integer or half-integer and k, l, m = 1, 2, 3 . (2.2)

– 2 –

We will use rescaled variables such that the radius R can be given the value one. There is no state saturating simultaneously all the Heisenberg uncertainties [7]

Δx_1Δx_2 = 1 2 1 √ j(j + 1)

|⟨x̂_3⟩| , Δx_2Δx_3 = 1 2 1 √ j(j + 1) |⟨x̂_1⟩| , Δx_3Δx_1 = 1 2 1 √ j(j + 1)

|⟨x̂_2⟩| ; (2.3)

we will come back to this point in the fourth section. As a consequence, one has to resort to other criteria to define coherent states in this context. One way to tackle this problem is based on the construction of a deformation of the creation-destruction operators [6]. This is summarized below.

One uses the stereographic projection to define the operators

z = (x̂_1 − ix̂_2)(1 − x̂_3)^{−1} , z^+ = (1 − x̂_3)^{−1}(x̂_1 + ix̂_2) (2.4)

which obey the commutation relation

[z, z^+] = F (zz^+) , (2.5)

where

F (zz^+) = αχ [ 1 + |z|^2 − 1 2 χ ( 1 + α 2 |z|^2 )] , χ = 2 α 1 + α 2ξ − √ 1 ξ + ( α 2ξ )_2 ,

ξ = 1 + α|z|^2 , and α = 1 √ j(j + 1)

. (2.6)

Thanks to eq. (2.5), there exists a function f which relates the operators z, z^+ to the usual creation and destruction operators â^+, â:

z = f(â^+â + 1)â . (2.7)

The generalized coherent states |ζ⟩ are taken to be the eigenstates of the destruction operator z and read

|ζ⟩ = N(|ζ|^2)^{−1/2} exp [ ζf^{−1}(â^+â)â^+ ] f^{−1}(â^+â)|0⟩ , (2.8)

the function N(|ζ|^2)^{−1/2} enforcing the normalization of the wave function. The vacuum |0⟩ is annihilated by â.

It should be stressed that the map between the couples of operators z, z^+ and â, â^+ is singular since the second pair act on an infinite Fock space while the first acts on a finite dimensional vector space. This was taken into account by restricting, for a fixed j, the expansion of eq. (2.8) to the component |2j⟩: |ζ, j⟩ = N_j (|ζ|^2)^{−1/2} 2j∑ n=0 ζ^n √ n![f_j (n)]! |n⟩ , N_j (x) = 2j∑ n=0 x^n n!([f_j(n)]!)^2 , f_j(n) = √ 2j − n + 1 √ j(j + 1) + j − n

, where [f(n)]! = f(n)f(n − 1) . . . f(0) . (2.9)

The states obtained in this way are not eigenstates of the operator z anymore.

– 3 –

The complications about coherent states on the fuzzy sphere come from the fact that, contrary to the non commutative plane, the Heisenberg uncertainties given in eq. (2.3) can not be saturated simultaneously. If one relies on a mapping from z, z^+ to the ordinary creation-destruction operator, one has to face the discrepancy between the dimensions of the spaces involved. If one cuts the sum at a given index, the states obtained are not exact eigenstates of the operator z.

The main point of this work is that there is a natural extension of the Heisenberg uncertainty which allows one to define ”generalized squeezed states” for the fuzzy sphere in a way which is more or less similar to what one does for the quantum plane. The dimensionality problem pointed above is absent in this approach.

In brief, we shall show that having two operators x̂, p̂, the most general uncertainty relation implying the mean values of expressions at most quadratic in the operators is

(Δx)^2(Δp)^2 ≥ 1 4 [ (⟨{x̂, p̂}⟩ − 2⟨p̂⟩⟨x̂⟩)^2 + |⟨[x̂, p̂]⟩|^2 ] . (2.10)

This relation involves not only the commutator but also the anti commutator; the Heisenberg uncertainty can be deduced from it. For ordinary coherent states, the first quantity under square brackets on the right side vanishes and the Heisenberg bound is attained. We shall show that the equations

(Δx_1)^2(Δx_2)^2 = 1 4 [ (⟨{x̂_1, x̂_2}⟩ − 2⟨x̂_1⟩⟨x̂_2⟩)^2 + |⟨[x̂_1, x̂_2]⟩|^2 ] , (Δx_2)^2(Δx_3)^2 = 1 4 [ (⟨{x̂_2, x̂_3}⟩ − 2⟨x̂_2⟩⟨x̂_3⟩)^2 + |⟨[x̂_2, x̂_3]⟩|^2 ] , (Δx_3)^2(Δx_1)^2 = 1 4 [ (⟨{x̂_3, x̂_1}⟩ − 2⟨x̂_3⟩⟨x̂_1⟩)^2 + |⟨[x̂_3, x̂_1]⟩|^2 ] , (2.11)

are compatible on the fuzzy sphere. The states obeying them simultaneously are what we shall call ”generalized squeezed states”. We will show that they are parameterized by a point on the complex plane and possess other interesting properties.

3. Squeezed states: the 2D phase space revisited

To begin, let us consider a two dimensional phase space whose quantum operators are denoted x̂, p̂. We will work on a linear combination of the two operators supplemented by a term proportional to the identity:

Θ̂_λ = x̂ + (λ_1 + iλ_2)p̂ + (λ_3 + iλ_4)I , (3.1)

the λ_i being real constants. In the derivation of the Heisenberg inequality, one assumes for example λ_1 = 0. We will recover the known result as a particular case.

For any state |ψ⟩ and any real λ_i, the following quantity is positive or null:

||Θ̂_λ|ψ⟩||^2 ≥ 0 . (3.2)

– 4 –

If one fixes the state |ψ⟩, the preceding function is a second degree polynomial in the λ_i:

φ(λ_1, λ_2, λ_3, λ_4) = ⟨ψ|Θ̂^+_λ Θ̂_λ|ψ⟩ = (λ^2_1 + λ^2)⟨p̂^2⟩ + (λ^2_3 + λ^2_4) + 2(λ_1λ_3 + λ_2λ_4)⟨p̂⟩ + +λ_1A_{xp} + λ_2C_{xp} + 2λ_3⟨x̂⟩ + ⟨x̂^2⟩ . (3.3)

We have used the notations A_{xp} = ⟨x̂p̂ + p̂x̂⟩ ; C_{xp} = i(⟨x̂p̂ − p̂x̂⟩) (3.4) to simplify future formulas and assumed a normalization to unity: ⟨ψ|ψ⟩ = 1. Due to hermiticity conditions, the mean values A_{xp} and C_{xp} are real. Our polynomial can be diagonalized on its real variables:

φ(λ_1, λ_2, λ_3, λ_4) = ⟨p̂^2⟩ [ λ_1 + ( 1 2 A_{xp} + ⟨p̂⟩λ_3 ) 1 ⟨p̂^2⟩ ]_2 + +⟨p̂^2⟩ [ λ_2 + ( 1 2 C_{xp} + ⟨p̂⟩λ_4 ) 1 ⟨p̂^2⟩ ]_2 + (3.5) + (Δp)^2 ⟨p̂^2⟩ [ λ_3 + 2⟨x̂⟩⟨p̂^2⟩ − A_{xp}⟨p̂⟩ 2(Δp)^2

]_2 + (Δp)^2 ⟨p̂^2⟩ [ λ_4 − C_{xp}⟨p̂⟩ 2(Δp)^2

]_2 + + [ ⟨x̂^2⟩ − 1 4 A^2_{xp} ⟨p̂^2⟩ − 1 4 C^2_{xp} ⟨p̂^2⟩ − 1 4 (2⟨x̂⟩⟨p̂^2⟩ − A_{xp}⟨p̂⟩)^2 ⟨p̂^2⟩(Δp)^2 − 1 4 C^2_{xp}⟨p̂⟩^2 ⟨p̂^2⟩(Δp)^2 ] .

The content of the four first brackets in this formula form a complete set of independent variables built from the λ_i so that the positivity of our polynomial implies (Δp)^2, ⟨p̂^2⟩ > 0 which are trivially verified. The only valuable inequality we infer is that

min φ = ⟨x̂^2⟩ − 1 4 A^2_{xp} ⟨p̂^2⟩ − 1 4 C^2_{xp} ⟨p̂^2⟩ − 1 4 (2⟨x̂⟩⟨p̂^2⟩ − A_{xp}⟨p̂⟩)^2 ⟨p̂^2⟩(Δp)^2 − 1 4 C^2_{xp}⟨p̂⟩^2 ⟨p̂^2⟩(Δp)^2

≥ 0 , (3.6)

since the polynomial is positive or null for any choice of the variables λ_i. This minimum is attained for the following values of these variables:

λ̄_1 = − 1

2⟨p̂^2⟩ (A_{xp} − 2⟨p̂⟩⟨x̂⟩) ( 1 + ⟨p̂⟩^2 2(Δp)^2 ) , λ̄_2 = − 1 2 C_{xp} (Δp)^2 λ̄_3 = −⟨x̂⟩ − ⟨p̂⟩ 2(Δp)^2 (−A_{xp} + 2⟨p̂⟩⟨x̂⟩) , λ̄_4 = 1 2 ⟨p̂⟩ (Δp)^2

C_{xp} . (3.7)

The inequality displayed in eq. (3.6) involves all momenta of first and second degree in the phase space variables. It contains the anticommutator and the commutator mean values A_{xp} and C_{xp}. The apparent lack of symmetry between the position and the momentum mean values ⟨x̂⟩, ⟨p̂⟩ is linked to the fact that the operator of eq. (3.1) was not symmetric in the two operators; moreover we broke the symmetry between the λ_i in our diagonalization.

– 5 –

Actually, this inequality can be rewritten in a closer and more symmetric form. First, let us consider its second and fourth terms which are the only ones containing the anti commutator. Putting them on the same denominator, one obtains − 1 4⟨p̂^2⟩(Δp)^2 [ ((Δp)^2 + ⟨p̂⟩^2)A^2_{xp} − 2⟨x̂⟩⟨p̂^2⟩⟨p̂⟩A_{xp} + 4⟨x̂⟩^2⟨p̂^2⟩^2 ] = = 1 4(Δp)^2 [ (A_{xp} − 2⟨x̂⟩⟨p̂⟩)^2 + 4⟨x̂⟩^2(Δp)^2 ] . (3.8)

In the same way, the third and fifth terms which contain the anticommutator can be rewritten as 1 4(Δp)^2

C^2_{xp} . (3.9)

The inequality obtained above can now be rewritten in the more compact form

(Δx)^2(Δp)^2 ≥ 1 4 ( (A_{xp} − 2⟨p̂⟩⟨x̂⟩)^2 + C^2_{xp} ) . (3.10)

The minimum of the function φ solely depends on the state |ψ⟩ as can readily be seen in (3.6). We can go one step further and ask which states make the minimum of φ attain its lowest i.e zero value. Such a state will obviously satisfy the equation

Θ̂_{λ̄}|ψ⟩ = 0 (3.11)

and the equality will be attained in eq. (3.10), the parameters λ̄_i being related to the mean values of the state by eqs. (3.7).

From this we can derive the Heisenberg uncertainty relation ΔxΔp ≥ 1 2 |C_{xp}| ; (3.12)

when it is saturated, the following equality holds Ã_{xp} = A_{xp} − 2⟨p̂⟩⟨x̂⟩ = ⟨x̂p̂ + p̂x̂⟩ − 2⟨p̂⟩⟨x̂⟩ = 0 . (3.13) This relation can be used to eliminate A_{xp} in eq. (3.7); one then obtains the simpler expressions λ̄_1 = 0 , λ̄_3 = −⟨x̂⟩ ; (3.14)

eq. (3.11) then assumes the well known form ( x̂ − ⟨x̂⟩ + C_{xp} 2(Δp)^2 (p̂ − ⟨p̂⟩) ) |ψ⟩ = 0 . (3.15)

The main result here is given in eq. (3.10) and the conclusion that ΔxΔp = 1 2 |⟨x̂p̂ − p̂x̂⟩| ⇐⇒ ⟨x̂p̂ + p̂x̂⟩ − 2⟨p̂⟩⟨x̂⟩ = 0 . (3.16)

– 6 –

This statement can be verified in the ordinary theory. The commutation relation is then given by [x̂, p̂] = i . Working in the momentum representation, the solution of eq. (3.15) has the well known gaussian form [32]

ψ = [ exp ( − b^2_1 2a )√ − π 2a ]_{−1/2} e^{(ap2+(b1 +ib2)p)} . (3.17)

One has ⟨x̂⟩ = −b_2 , ⟨p̂⟩ = − b_1 2a , ⟨p̂x̂⟩ = − i 2 + b_1b_2 2a , ⟨x̂p̂⟩ = i 2 + b_1b_2 2a , (3.18)

so that eq. (3.16) is verified. The situation is the same in the one dimensional K.M.M [33] model which is defined by the commutation rules [x̂, p̂] = i(1 + p̂^2) . A momentum representation exists in which the action of the operators and the scalar product defining the Hilbert space are given by x̂ = i(1 + p^2)∂_p , p̂ = p , ⟨ϕ|ψ⟩ = ∫ dp 1 1 + p^2 ϕ^∗(p)ψ(p) . (3.19)

This theory admits a minimal uncertainty in length: Δx ≥ 1. Let us verify the left part of eq. (3.16) for the most important solutions of eq. (3.15) in this theory i.e those which exhibit the minimal uncertainty in length: ψ(p) = √ 2 π 1 √ 1 + p^2 exp (−iξ arctan (p)) . (3.20)

For these states one has ⟨p̂⟩ = 0, ⟨x̂⟩ = ξ and ⟨x̂p̂ + p̂x̂⟩ = ∫ dp 1 1 + p^2 2 π ( −ip^2 + 2ξp + i 1 + p^2 ) = 0 , (3.21)

so that eq. (3.16) is verified.

At this level, the natural question which arises from our analysis is the existence (or not) of theories in which the term containing the anticommutator may play a role in the uncertainty relation. This may happen if the only normalizable states obeying eq. (3.11) correspond to non vanishing λ_1. This excludes models in which the commutation relations are of the form [x̂, p̂] = if(p̂) since in this case the relevant states read, in momentum space:

ψ(p) = N exp ( − ∫_p 0 dξ (λ_2ξ + λ_4) f(ξ) ) exp ( i ∫_p 0 dξ (λ_1ξ + λ_3) f(ξ) ) . (3.22)

Their normalization requires the finiteness of the integral ⟨ψ|ψ⟩ = N^2 ∫_∞ −∞ dp f(p) exp ( −2 ∫_p 0 dξ (λ_2ξ + λ_4) f(ξ) ) (3.23)

which does not depend on λ_1.

– 7 –

The models in which the deformation of the commutation relations is entirely embodied in a function of the momentum are not the only ones which have been studied in the literature. Among the proposals which do not fit in this category is for example the q deformation of quantum mechanics which is defined by the following equations [34]:

q^{12} x̂p̂ − q^{− 12} p̂x̂ = iΛ̂ , Λ̂p̂ = qp̂Λ̂ , Λ̂x̂ = q^{−1}x̂Λ̂ . (3.24)

The argument we gave above can not be applied here. One needs a closer analysis to see if the new term plays any role in such a model. We show in the next section that it proves to be important on the fuzzy sphere.

The reasoning followed here can be extended to higher dimensions. A partial motivation for such a treatment and an illustration in the three variables case is given in the appendix.

4. Generalized squeezed states on the fuzzy sphere

The saturation of the Heisenberg uncertainties (eq. (2.3)) related to the pairs of non commuting variables translate into the formulas [7]

m̂_{jk}|ψ⟩ = 0 with m̂_{12} = x̂_1 + μ_{12}x̂_2 + τ_{12} , m̂_{23} = x̂_2 + μ_{23}x̂_3 + τ_{23} , m̂_{31} = x̂_3 + μ_{31}x̂_1 + τ_{31} , (4.1)

where the μ_{jk} are pure imaginary while the τ_{jk} have real and imaginary parts(see eq. (3.15)). We have adopted simplified notations in this section; writing μ_{jk} rather than μ̄_{jk}. No confusion is possible at this stage, contrary to the previous section.

Considering the following combinations of these equations

(μ_{31}[m̂_{12}, m̂_{23}] + [m̂_{23}, m̂_{31}])|ψ⟩ = 0 , (μ_{23}[m̂_{31}, m̂_{12}] + [m̂_{12}, m̂_{23}])|ψ⟩ = 0 , (μ_{12}[m̂_{23}, m̂_{31}] + [m̂_{31}, m̂_{12}])|ψ⟩ = 0 , (4.2)

one obtains

(1 + μ_{12}μ_{23}μ_{31})x̂_1|ψ⟩ = 0 , (1 + μ_{12}μ_{23}μ_{31})x̂_3|ψ⟩ = 0 , (1 + μ_{12}μ_{23}μ_{31})x̂_2|ψ⟩ = 0 . (4.3) Can the three Heisenberg inequalities be saturated simultaneously? Only two cases may lead to that situation:

• The first possibility is x̂_k|ψ⟩ = 0 , k = 1, 2, 3 , (4.4) but then the second part of eq. (2.2) is violated .

• The remaining possibility (1 + μ_{12}μ_{23}μ_{31}) = 0 (4.5) is ruled out by the fact that the quantities μ_{jk} are purely imaginary; it can be rewritten as ⟨x̂_1⟩⟨x̂_2⟩⟨x̂_3⟩ (Δx_1)^2(Δx_2)^2(Δx_3)^2

= −8i . (4.6)

– 8 –

Let us now turn to the enlarged uncertainty relations. Their saturation is displayed in eq. (2.11). The equation defining these ”squeezed” states is the same as eq. (4.1) but now the coefficients μ_{jk} will have real and imaginary parts:

μ_{12} = λ_1 + iλ_2 , μ_{23} = λ_3 + iλ_4 , μ_{31} = λ_5 + iλ_6 . (4.7)

The relation displayed in eq. (4.5), which is necessary for the associated three uncertainties to be saturated simultaneously, can be rewritten as

1+(λ_1λ_3−λ_2λ_4)λ_5−(λ_1λ_4+λ_2λ_3)λ_6 = 0 , (λ_1λ_3−λ_2λ_5)λ_6+(λ_1λ_4+λ_2λ_3)λ_5 = 0 . (4.8)

Not taking into account the terms Ã_{xi,xj} (defined in eq. (3.13)) amounts to impose λ_1 = λ_3 = λ_5 = 0 which transforms the first of the previous equations into the contradiction 1 = 0. The states we are looking for are in the kernels of the three operators m_{jk} but with the coefficients μ_{j,k} having non vanishing real parts.

For the remaining part of this work, we will adopt, for the fuzzy sphere, unitary representations of dimensions (2j + 1)(2j + 1):

x̂_k = 1 √ j(j + 1)

Ĵ_k , Ĵ_1 = 1 2 (Ĵ_+ + Ĵ_−) , Ĵ_2 = − i 2 (Ĵ_+ − Ĵ_−) , Ĵ_+|m⟩ = √ (j − μ)(j + m + 1)|m + 1⟩ , Ĵ_−|m⟩ = √ (j + μ)(j − m + 1)|m − 1⟩ , Ĵ_3|m⟩ = m|m⟩ . (4.9) We now solve eq. (4.1) where the parameters μ_{jk} have real and imaginary parts. For a fixed j, the state we are looking for can be written as |Y ⟩ = j∑ n=−j Y_n|n⟩ . (4.10) Each condition m̂_{jk}|Y ⟩ = 0 leads to three ”equations”: the components of | − j⟩, |j⟩ and |n⟩ for −j + 1 ≤ n ≤ j − 1. For example,

m̂_{12}|Y ⟩ = [ 1 2 α ( (1 − i μ_{12})Ĵ_+ + (1 + i μ_{12})Ĵ_− ) + τ_{12} ] |Y ⟩

= 1 2 α(1 − i μ_{12}) Y_{j−1} √ 2j |j⟩ + j−1∑ n=−j+1 Y_{n−1} √ (j + n)(j − n + 1) |n⟩ +

+ 1 2 α(1 + i μ_{12}) Y_{−j+1} √ 2j | − j⟩ + j−1∑ n=−j+1 Y_{n+1} √ (j − n)(j + n + 1) |n⟩ +

+τ_{12} Y_{−j}| − j⟩ + Y_j|j⟩ + j−1∑ n=−j+1 Y_n|n⟩ , (4.11)

where α = 1/ √ j(j + 1). We end up with the following ”nine” relations: Y_{−j+1} Y_{−j} = − 2τ_{12} α(1 + i μ_{12}) √ 2j , (4.12)

– 9 –

Y_j Y_{j−1} = − α(1 − i μ_{12}) √ 2j 2τ_{12}

, (4.13)

Y_{n+1} +

2τ_{12} α(1 + i μ_{12}) √ (j + n + 1)(j − n)

Y_n+ + 1 − i μ_{12} 1 + i μ_{12} √ (j − n + 1)(j + n) √ (j + n + 1)(j − n)

Y_{n−1} = 0 , (4.14) Y_{−j+1} Y_{−j} = 2(−τ_{23} + α μ_{23} j) i α √ 2j , (4.15) Y_j Y_{j−1} = i α √ 2j 2(α μ_{23}j + τ_{23})

, (4.16)

Y_{n+1} −

2 i (α μ_{23}n + τ_{23}) α √ (j + n + 1)(j − n) Y_n− − √ (j − n + 1)(j + n) √ (j + n + 1)(j − n)

Y_{n−1} = 0 , (4.17) Y_{−j+1} Y_{−j} = 2(α j − τ_{31}) α μ_{31} √ 2j , (4.18) Y_j Y_{j−1} = − α μ_{31} √ 2j 2(α j + τ_{31})

, (4.19)

Y_{n+1} +

2 (α n + τ_{31}) α μ_{31} √ (j + n + 1)(j − n)

Y_n+ + √ (j − n + 1)(j + n) √ (j + n + 1)(j − n)

Y_{n−1} = 0 . (4.20)

As this system has more equations than unknowns, it will admit solutions only when some relations between the coefficients hold. We now proceed to show how this happens. Combining eq. (4.12) and eq. (4.15) on one side, eq. (4.12) and eq. (4.18) on the other side, one is led to the relations

τ_{23} = j α μ_{23} + τ_{12} −i + μ_{12}

, μ_{31} = −i

(−i + μ_{12})(j α − τ_{31}) τ_{12}

. (4.21)

In the same way, from eq. (4.13) , eq. (4.16) , and eq. (4.19), one finds

μ_{23} = −i τ_{12} j α (1 + μ^2_{12})

, τ_{31} = −i jα μ_{12}

. (4.22)

From these formula one finds the relation displayed in eq. (4.5) which was shown to be necessary for the system to admit a solution. Subtracting eq. (4.20) from eq. (4.17) , one has σ_n ≡ Y_n Y_{n−1} = i j √ 1 + j − n j + n α(i + μ_{12})

τ_{12}

. (4.23)

Using this result back in eq. (4.17) one obtains

τ_{12} = j α √ 1 + μ^2_{12} . (4.24)

– 10 –

These expressions transform eq. (4.14) into an identity. So, the solution to our system of equations depends on the sole complex number μ_{12}; the other coefficients μ_{jk}, τ_{jk} as well as the components of the state |Y ⟩.

We switch to a new variable ζ defined by the ratio of the last two components of our state: 1 ζ ≡ Y_j Y_{j−1} = − 1 √ 2j 1 − i μ_{12} √ 1 + μ^2_{12}

⇐⇒ μ_{12} = i 2j − ζ^2 2j + ζ^2

. (4.25)

The coefficients of the set of equations now assume the form:

μ_{23} = i 2 √ 2 j 2j+ζ^2 ζ , μ_{31} = −2 √ 2 j ζ −2j+ζ^2 , τ_{12} = − 2 √ 2 j √ 1+j ζ 2j+ζ^2 , τ_{23} = − i 2 √ 2 √ 1+j 2j−ζ^2 ζ , τ_{31} = − √ j j+1 2j+ζ^2 2j−ζ^2 . (4.26) Concerning the components of the state |Y ⟩, one has Y_{−j+1} Y_{−j} = 2j ζ , Y_j Y_{j−1} = 1 ζ , Y_n Y_{n−1} = √ 2j √ 1 + j − n j + n 1 ζ , when − j + 1 ≤ n ≤ j − 1 . (4.27)

By a recursive reasoning, one can express all the components in terms of the highest one

Y_m = 1 (2j)^12^{(j−m)} ( 2j j − m ) 1_2

ζ^{j−m} Y_j . (4.28)

The normalization of the wave function results in the condition

Y^2_j ( ζζ̄ 2j )_j j∑ m=−j ( 2j j − m ) ( 2j ζζ̄ )_m = 1 . (4.29)

Rewriting this sum in terms of the index n = m + j which goes from 0 to 2j, one obtains

Y_j = ( 2j 2j + ζζ̄ )_j . (4.30)

Replacing this in the expression of Y_m and denoting from now on the state by the complex parameter ζ, one obtains

|ζ⟩ = 1 (2j + ζζ̄)^j j∑ m=−j R_m ζ^{−m+j} |m⟩ , (4.31)

where the real constants R_m are given by

R_m = (2j)^{12 (m+j)} ( 2j j − m )_{1/2}

– 11 – for all n since R_{−j} = 1 and R_j = (2j)^j . (4.32)

We see that considering the uncertainty relation we derived in the third section, which is weaker than Heisenberg’s, we pass from a situation in which no state saturates all the paired bounds to one in which there is a family of states achieving that. This family is parameterized by one complex number ζ, like the generalized coherent states on the fuzzy sphere obtained in [6]. The difference between the two works is twofold. Firstly, the starting point here is the uncertainty relation. Secondly, the Fock space in which we work is finite dimensional so that we don’t need a truncature procedure.

After some algebra, one finds for the scalar product the expression ⟨ζ|η⟩ = (2j + ζ̄η)^{2j} (2j + ζ̄ζ)^j(2j + η̄η)^j

. (4.33)

Using the formula lim_{x→∞} ( 1 + a x )_x = e^a, (4.34)

one obtains in the limit j → ∞ the formula |⟨η|ζ⟩|^2 = e^{−|η−ζ|2} . (4.35) which is also valid for the ordinary coherent states on the non commutative plane. It has been known that there is a limit in the parameter space of the fuzzy sphere which reproduces the non commutative plane [35]. The result obtained here goes in the same direction: the two structures have things in common.

However, contrary to the non commutative plane, for any fixed generalized squeezed state |ζ⟩, there is another state |η⟩ to which it is orthogonal; it satisfies ζη̄ = −2j. However, it disappears in the commutative limit.

5. The stereographic projection

We now show how the states built so far reproduce the stereographic projection. The mean value ⟨x_1⟩ can be written as ⟨ζ|x̂_1|ζ⟩ = 1 √ j(j + 1) ζ^jζ̄^j (2j + ζζ̄)^{2j} ∑ m,n R_mR_nζ^{−m}ζ̄^{−n}⟨n|J_1|m⟩ . (5.1)

Expressing J_1 as in eq. (4.9), we can split the sum in the previous equation ∑ m,n R_mR_nζ^{−m}ζ̄^{−n}⟨n|J_1|m⟩ = I_1 + I_2 . (5.2)

The first term can be computed as follows

I_1 = j−1∑ m=−j R_mR_{m+1}ζ^{−m}ζ̄^{−m−1} √ (j + m + 1)(j − m)

– 12 –

= ζ j−1∑ m=−j (2j)^{m+j+3/2} ( 2j − 1 j + m ) (ζζ̄)^{−m−1}

= (2j)^{j+3/2} 1 ζ̄ 2j−1∑

n=0 ( 2j − 1 n ) ( 2j ζζ̄ )_{n−j}

= (2j)^{3/2} ζ

(2j + ζζ̄)^{2j−1} (ζζ̄)^j . (5.3)

Similarly,

I_2 = j∑ m=−j+1 R_mR_{m−1}ζ^{−m}ζ̄^{−m+1} √ (j − m + 1)(j + m)

= (2j)^{3/2} ζ̄

(2j + ζζ̄)^{2j−1} (ζζ̄)^j , (5.4)

so that the wanted mean value rakes the form ⟨ζ|x̂_1|ζ⟩ = √ 2j √ j + 1 ζ + ζ̄ 2j + ζζ̄ . (5.5)

The two remaining quantities ⟨x̂_k⟩ can be obtained using the fact that eq. (4.1) implies ⟨m̂_{jk}⟩ = 0. For example, the simplification

τ_{12} + ⟨ζ|x̂_1|ζ⟩ = √ 2j √ j + 1 ( − 2ζ 2j + ζ^2 + ζ + ζ̄ 2j + ζζ̄ )

= √ 2j √ j + 1

(ζ̄ − ζ)(2j − ζ^2) (2j + ζ^2)(2j + ζζ̄)

(5.6)

allows one to infer from ⟨m̂_{12}⟩ = 0 the mean value ⟨ζ|x̂_2|ζ⟩ = − 1 μ_{12}

(τ_{12} + ⟨ζ|x̂_1|ζ⟩) = i √ 2j √ j + 1 ζ̄ − ζ 2j + ζζ̄ . (5.7)

In the same way, ⟨ζ|x̂_3|ζ⟩ = − ( ⟨ζ|x̂_1|ζ⟩ + τ_{31} μ_{31} ) μ_{31} = − √ j j + 1 −2j + ζζ̄ 2j + ζζ̄ , (5.8)

while the vanishing of ⟨m̂_{23}⟩ results in an identity.

The expressions of these mean values resemble the ones defining the stereographic projection. The link can be made more transparent if one switches to the variable ζ = √ 2jβ (5.9)

since the mean values now read

⟨x̂_1⟩ = √ j j + 1 β + β̄ 1 + ββ̄ , ⟨x̂_2⟩ = i √ j j + 1 β̄ − β 1 + ββ̄

, ⟨x̂_3⟩ = √ j j + 1 ββ̄ − 1 1 + ββ̄ . (5.10)

– 13 –

The stereographic map is then recovered in the large j limit. Concerning the dispersions, one has

1 = ⟨x̂^2_1⟩ + ⟨x̂^2⟩ + ⟨x̂^2_3⟩ , j j + 1

= ⟨x̂_1⟩^2 + ⟨x̂_2⟩^2 + ⟨x̂_3⟩^2 ,

=⇒ (Δx_1)^2 + (Δx_2)^2 + (Δx_3)^2 = 1 j + 1

(5.11)

so that in the large j limit all the three Δx_k vanish.

In terms of this new variable, the generalized squeezed state reads

|β⟩ = ( 1 1 + ββ̄ )_j j∑ m=−j ( 2j j − m )_{1/2} β^{−m+j} |m⟩ , (5.12)

while the scalar product takes the form ⟨γ|β⟩ = ( (1 + γ̄β)^2 (1 + γγ̄)(1 + ββ̄) )_j . (5.13)

We can compute these mean values in a different way. For example, from eq. (3.7) we have ⟨p̂⟩ = − λ̄_4 λ̄_2 . (5.14)

Considering the equation m̂_{12}|ζ⟩ = 0, we have to replace x̂ by x̂_1 and p̂ by x̂_2. The separation between real and imaginary parts μ_{12} = λ̄_1 + iλ̄_2, τ_{12} = λ̄_3 + iλ̄_4 reads

λ̄_2 = (2j + ζ ζ̄)(2j − ζζ̄) (2j + ζ^2)(2j + ζ̄^2)

, λ̄_4 = − 2 √ 2j √ 1 + j^2 ζ_2(2j − ζζ̄) (2j + ζ^2)(2j + ζ̄^2)

, (5.15)

ζ_2 being the imaginary part of ζ. Replacing this into eq. (5.14) appropriately modified, one recovers eq. (5.7).

We shall finish this section with the simplest possible illustration, i.e the case j = 1/2. The variables ζ and β then coincide. The coefficients of the operators m̂_{jk} have the form

μ_{1,2} = i

1 − ζ^2 1 + ζ^2

, τ_{1,2} = − 2 √ 3 ζ 1 + ζ^2

, μ_{2,3} = i

1 + ζ^2 2ζ , τ_{2,3} = −i 1 2 √ 3 1 − ζ^2 ζ , μ_{3,1} = 2ζ 1 − ζ^2

, τ_{3,1} = − 1 √ 3 1 + ζ^2 1 − ζ^2

, (5.16)

while the generalized squeezed states read |ζ⟩ = 1 √ 1 + |ζ|^2 ( ζ | | | − 1 2 ⟩ + | | | 1 2 ⟩) . (5.17)

The deformed stereographic projection takes the form

⟨x̂_1⟩ = 1 √ 3 ζ̄ + ζ 1 + ζζ̄

, ⟨x̂_2⟩ = i √ 3 ζ̄ − ζ 1 + ζζ̄

, ⟨x̂_3⟩ = 1 √ 3 1 − ζ̄ζ 1 + ζζ̄

. (5.18)

– 14 –

6. Conclusions

We have derived an uncertainty relation which is weaker than the Heisenberg’s. On the fuzzy sphere, this relation can be saturated for all the pairs of variables. The states built in this way possess some interesting properties. They are parameterized by a complex number and realize the stereographic map. This fact is promising in the sense that the star product associated to these states will naturally be defined on functions of two real variables i.e exactly the geometric dimension of the sphere [27].

The link between our states and the geometry of the sphere suggest the possibility of studying Q.F.T in this context using a star product defined on the stereographic coordinates. An important question will then be the properties of field theory on the fuzzy sphere [36] which are recovered in such a formulation. A study of classical solutions [37, 38] would of course be interesting.

A. High dimensional extension

There exists a model possessing a minimal uncertainty in length while preserving rotational and translational symmetries [33]. Its non trivial commutation relations are:

[x̂_j, p̂_k] = iℏ ( f( ^⃗p^2)δ_{jk} + g( ^⃗p^2)p̂_jp̂_k ) , (A.1)

supplemented by the condition g = 2ff^′ f − 2p^2f^′

. (A.2)

The functions f and g are supposed positive. This theory admits four couples of non commuting variables [7]: (x_1, p_1), (x_2, p_2), (x_1, p_2) and (x_2, p_1). It was shown in [7] that one can not saturate the associated non trivial uncertainties simultaneously. The same argument can be repeated here to show this is still the case even for the enlarged uncertainties we derived. How can one define squeezed states which do not discriminate between the variables? Although we will not apply it explicitly, we think one may be led to look at the structure of uncertainty relations implying more than two operators. We outline this below.

In the second section, we have seen that in 2D an analysis based on an operator leads to an uncertainty implying the mean values of at most quadratic expressions of the variables. The question we would like to answer in this section is the following: what are the general uncertainties implying more than two variables?

We now go one step further and consider three variables simultaneously. Mimicking what was done in the second section, we consider an operator of the form

Θ̂_λ = x̂_1 + (λ_1 + iλ_2)x̂_2 + (λ_3 + iλ_4)p̂_1 + (λ_5 + iλ_6)I . (A.3)

We build the function φ(⃗λ) similarly to what was done in eq. (3.3):

φ(λ_1, λ_2, λ_3, λ_4, λ_5, λ_6) = ⟨x̂^2_1⟩ + λ_1A_{x1,x2} + λ_2C_{x1,x2} + λ_3A_{x1,p1} + λ_4C_{x1,p1} + +2λ_5⟨x̂_1⟩ + (λ^2_1 + λ^2)⟨x̂^2⟩ + (λ_1λ_3 + λ_2λ_4)A_{x2,p1} +

– 15 –

+(λ_1λ_4 − λ_2λ_3)C_{x2,p1} + 2(λ_1λ_5 + λ_2λ_6)⟨x̂_2⟩ + (λ^2_3 + λ^2_4)⟨p̂^2_1⟩ + +2(λ_3λ_5 + λ_4λ_6)⟨p̂_1⟩ + (λ^2_5 + λ^2_6) . (A.4)

We can diagonalize it, similarly to what was done in eq. (3.5):

φ(λ_1, λ_2, λ_3, λ_4, λ_5, λ_6) = σ_1 (λ_1 + μ_{12} λ_2 + μ_{13} λ_3 + μ_{14} λ_4 + μ_{15} λ_5 + μ_{16} λ_6 + μ_{10})^2+ +σ_2 ( λ_2 + μ_{23} λ_3 + μ_{24} λ_4 + μ_{25} λ_5 + μ_{26} λ_6 + μ_{20})^2+ +σ_3 ( λ_3 + μ_{34} λ_4 + μ_{35} λ_5 + μ_{36} λ_6 + μ_{30})^2+ +σ_4 ( λ_4 + μ_{45} λ_5 + μ_{46} λ_6 + μ_{40})^2+ +σ_5 ( λ_5 + μ_{56} λ_6 + μ_{50})^2+ +σ_6 ( λ_6 + μ_{60})^2+ +σ_7 . (A.5)

The coefficients σ_i and μ_{j,k}(which have nothing to do with those of section 4) are easily found:

σ_1 = ⟨x̂^2⟩ , μ_{12} = 0 , μ_{13} = A_{x2,p1} 2⟨x̂^2⟩

, μ_{14} = C_{x2,p1} 2⟨x̂^2⟩

, μ_{15} = ⟨x̂_2⟩ ⟨x̂^2⟩ , μ_{16} = 0 , μ_{10} = A_{x1,x2} 2⟨x̂^2⟩

, (A.6) σ_2 = σ_1 , μ_{23} = −μ_{14} , μ_{24} = μ_{13} , μ_{25} = 0 , μ_{26} = μ_{15} , μ_{20} = C_{x1,x2} 2⟨x̂^2⟩

, (A.7)

σ_3 =

−A^2_{x2,p1} − C^2_{x2,p1} + 4⟨p̂^2_1⟩⟨x̂^2⟩ 4⟨x̂^2⟩

, μ_{34} = 0 ,

μ_{35} =

2(−2⟨p̂_1⟩⟨x̂^2⟩ + A_{x2,p1} ⟨x̂_2⟩) A^2_{x2,p1} + C^2_{x2,p1} − 4⟨p̂^2_1⟩⟨x̂^2⟩

, μ_{36} = −

2 C_{x2,p1} ⟨x̂_2⟩ A^2_{x2,p1} + C^2_{x2,p1} − 4 ⟨p̂^2_1⟩⟨x̂^2⟩ , μ_{30} = A_{x1,x2}A_{x2,p1} − C_{x1,x2}C_{x2,p1} − 2 A_{x1,p1} ⟨x̂^2⟩ A^2_{x2,p1} + C^2_{x2,p1} − 4 ⟨p̂^2_1⟩, ⟨x̂^2⟩

, (A.8) σ_4 = σ_3 , μ_{45} = −μ_{36} , μ_{46} = μ_{35} , μ_{40} = A_{x2,p1}C_{x1,x2} + A_{x1,x2}C_{x2,p1} − 2 C_{x1,p1} ⟨x̂^2⟩ A^2_{x2,p1} + C^2_{x2,p1} − 4 ⟨p̂^2_1⟩⟨x̂^2⟩

, (A.9)

σ_5 = 1 − μ^2_{15} σ_1 − (μ^2_{35} + μ^2_{45}) σ_3 , μ_{56} = 0 μ_{50} = 1 σ_5

[⟨x̂_1⟩ − μ_{10} μ_{15} σ_1 − (μ_{30} μ_{35} − μ_{36} μ_{40}) σ_3] , (A.10)

σ_6 = σ_5 , μ_{60} = − 1 σ_5

[μ_{15}μ_{20}σ_1 + (μ_{36}μ_{30} + μ_{35}μ_{40})σ_3] , (A.11) σ_7 = ⟨x̂^2_1⟩ − (μ^2_{10} + μ^2_0)σ_1 − (μ^2_{30} + μ^2_{40})σ_3 − (μ^2_{50} + μ^2_{60})σ_5 . (A.12)

As in the previous section, one has the inequalities

σ_1, . . . , σ_6 > 0 , σ_7 ≥ 0 . (A.13)

– 16 –

For a fixed state |ψ⟩, the minimum of the function φ is attained for special values λ̄_1, . . . , λ̄_6 which can be expressed in function of the observables of the states. For example, λ̄_6 = −μ_{60} , λ̄_5 = −μ_{50} − μ_{56}λ̄_6 , λ̄_4 = −μ_{40} − μ_{45}λ̄_5 − μ_{46}λ̄_6 , (A.14)

where the quantities μ_{jk} are given in eqs. (A.6), (A.7), (A.8), (A.9), (A.10), (A.11), (A.12).

We are now in a position to characterize the kernel of the operator Θ̂¯_λ of eq. (A.3). For such elements, the function φ attains its minimum so that the parameters of the operator are linked to observables by the relations displayed above. As is equals zero, one has in addition that σ_7 = 0 . (A.15) We have obtained an uncertainty mixing the three coordinates and which can be saturated. References

[1] H. Groenewold, On the principles of elementary quantum mechanics, Physica 12 (1946) 405. [2] J. Moyal, Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc. 45 (1949) 99 [3] A. Voros, Wentzel-Kramers-Brillouin method in the Bargmann representation, Phys. Rev. A 40 (1989) 6814.

[4] A. Perelomov, Generalized coherent states and their application, Springer-Verlag, Berlin 1986. [5] J.R. Klauder and B.S. Skagerstam, Coherent states, World Scientific, Singapore, 1985. [6] G. Alexanian, A. Pinzul and A. Stern, Generalized coherent state approach to star products and applications to the fuzzy sphere, Nucl. Phys. B 600 (2001) 531 [hep-th/0010187].

[7] M. Lubo, Functional approach to coherent states in non commutative theories,

hep-th/0304039.

[8] S. Detournay, C. Gabriel and P. Spindel, About maximally localized states in quantum mechanics, Phys. Rev. D 66 (2002) 125004 [hep-th/0210128].

[9] M. Kontsevich, Deformation quantization of poisson manifolds, I, Lett. Math. Phys. 66 (2003) 157 [q-alg/9709040].

[10] V.I. Man’ko, G. Marmo, E.C.G. Sudarshan and F. Zaccaria, f-Oscillators and nonlinear coherent states, Phys. Scripta 55 (1997) 528.

[11] H. Grosse and P. Presnajder, The construction on noncommutative manifolds using coherent states, Lett. Math. Phys. 28 (1993) 239.

[12] P. Presnajder, The origin of chiral anomaly and the noncommutative geometry, J. Math.

Phys. 41 (2000) 2789 [13] U. Carow-Watamura and S. Watamura, Chirality and Dirac operator on noncommutative sphere, Commun. Math. Phys. 183 (1997) 365.

[14] U. Carow-Watamura and S. Watamura, Differential calculus on fuzzy sphere and scalar field, Int. J. Mod. Phys. A 13 (1998) 3235 [q-alg/9710034].

– 17 –

[15] U. Carow-Watamura and S. Watamura, Noncommutative geometry and gauge theory on fuzzy sphere, Commun. Math. Phys. 212 (2000) 395 [16] A.P. Balachandran and S. Vaidya, Instantons and chiral anomaly in fuzzy physics, Int. J.

Mod. Phys. A 16 (2001) 17 [hep-th/9910129].

[17] A.P. Balachandran, X. Martin and D. O’Connor, Fuzzy actions and their continuum limits, Int. J. Mod. Phys. A 16 (2001) 2577 [hep-th/0007030].

[18] A.P. Balachandran, T.R. Govindarajan and B. Ydri, The fermion doubling problem and noncommutative geometry, II, hep-th/0006216.

[19] P.-M. Ho, Fuzzy sphere from matrix model, J. High Energy Phys. 12 (2000) 015 [hep-th/0010165].

[20] K. Matsubara and M. Stenmark, Invariant star-products on s^2 and the canonical trace,

hep-th/0402031.

[21] K. Hayasaka, R. Nakayama and Y. Takaya, A new noncommutative product on the fuzzy two-sphere corresponding to the unitary representation of SU(2) and the Seiberg-Witten map, Phys. Lett. B 553 (2003) 109 [hep-th/0209240].

[22] A.P. Balachandran, S. Kurkcuoglu and E. Rojas, The star product on the fuzzy supersphere, J. High Energy Phys. 07 (2002) 056 [hep-th/0204170].

[23] B.P. Dolan and O. Jahn, Fuzzy complex grassmannian spaces and their star products, Int. J.

Mod. Phys. A 18 (2003) 1935 [hep-th/0111020].

[24] A.B. Hammou, M. Lagraa and M.M. Sheikh-Jabbari, Coherent state induced star-product on R^3_λ and the fuzzy sphere, Phys. Rev. D 66 (2002) 025025 [hep-th/0110291].

[25] A.P. Balachandran, B.P. Dolan, J. Lee, X. Martin and D. O’Connor, Fuzzy complex projective spaces and their star products, J. Geom. Phys. 43 (2002) 184 [26] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys.

09 (1999) 032 [hep-th/9908142]. [27] M. Lubo, in preparation.

[28] T. Hakioglu and M. Arik, Phys. Rev. D 54 (1999) 52 [29] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[30] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 9 (1992) 69. [31] S. Detournay, C. Gabriel and P. Spindel, About maximally localized states in quantum mechanics, Phys. Rev. D 66 (2002) 125004 [hep-th/0210128].

[32] C. Cohen-Tannoudji, Mecanique quantique, Hermann, Paris 1973.

[33] A. Kempf, G. Mangano and R.B. Mann, Hilbert space representation of the minimal length uncertainty relation, Phys. Rev. D 52 (1995) 1108 [hep-th/9412167].

[34] J. Wess, q-deformed Heisenberg algebras, math-ph/9910013 [35] J. Madore, The fuzzy sphere, Class. and Quant. Grav. 8 (1992) 69. [36] H. Grosse, C. Klimcik and P. Presnajder, Towards finite quantum field theory in noncommutative geometry, Int. J. Theor. Phys. 35 (1996) 231

– 18 –

[37] A.Y. Alekseev, A. Recknagel and V. Schomerus, Brane dynamics in background fluxes and non-commutative geometry, J. High Energy Phys. 05 (2000) 010 [hep-th/0003187].

[38] G. Landi, F. Lizzi and R.J. Szabo, Matrix quantum mechanics and soliton regularization of noncommutative field theory, hep-th/0401072.

– 19 –